Abstract. A measure on a locally compact Abelian group is said to have a natural spectrum if its spectrum is equal to the closure of the range of the Fourier-Stieltjes transform. In this paper we continue the study of spectrally reasonable measures (measures perturbing any measure with a natural spectrum to a measure with a natural spectrum) initiated in [OW]. Particularly, we provide a full characterization of such measures for certain class of locally compact Abelian groups which includes the circle and the real line. We also elaborate on the spectral properties of measures with non-natural but real spectra constructed by F. Parreau.
Introduction
We collect first some basic facts from Banach algebra theory and harmonic analysis in order to fix the notation (our main reference for Banach algebra theory is [Ż] , for harmonic analysis check [R2] ). For a commutative unital Banach algebra A, the Gelfand space of A (the set of all multiplicative-linear functionals endowed with weak It is also well-known that M d (G) ⊂ N (G). Despite of the presence of the rich collection of examples it turned out that the set of measures with natural spectrum does not have good algebraic properties. In fact, it is even not closed under addition which was first proved by M. Zafran in [Zaf] with an additional assumption on the group. The general case was settled by O. Hatori in [Hat] (for non-compact groups) and O. Hatori and E. Sato in [HS] (for compact groups). We cite this two theorems for further reference. Theorem 1.2 (Hatori) . Let G be a non-compact locally compact Abelian group. Then M(G) = N (G) + L 1 (G).
Theorem 1.3 (Hatori,Sato) . Let G be a compact Abelian group. Then M(G) = N (G) +
Clearly, Theorems 1.2 and 1.3 imply that N (G) is not closed under addition unless G is discrete as otherwise every measure would have a natural spectrum contradicting the existence of the Wiener-Pitt phenomenon. However, if we restrict our attention to measures in M 0 (G) for compact G we have a positive result due to M. Zafran ([Zaf] ) on our disposal. Theorem 1.4 (Zafran) . Let G be a compact Abelian group. Then N (G) ∩ M 0 (G) = M 00 (G).
It should be noted that no result of this type holds true for non-compact groups which follows easily from Hatori's theorem 1.2. Since N (G) does not possess convenient algebraic structure we introduced in [OW] the notion of spectrally reasonable measures. As the present paper is a far reaching enhancement of the previous work we will refer to [OW] frequently. Despite of the fact that the study in [OW] was restricted to the circle group, the validity of basic results extends verbatim to arbitrary locally compact Abelian groups. Definiton 1.5. Let G be a locally compact Abelian group. A measure µ ∈ M(G) is said to be spectrally reasonable if µ + ν ∈ N (G) for every ν ∈ N (G). The set of all such measures will be denoted by S(G).
We will cite two basic facts from [OW] that are going to be used in the sequel (Lemma 6, Theorem 7 and Proposition 8 in the original paper). Lemma 1.6. The spectrally reasonable measures have the following properties:
(1) If µ ∈ S(G) and ν ∈ N (G) then µ * ν ∈ N (G).
(2) If µ ∈ S(G) and µ is invertible then µ −1 ∈ S(G).
Let µ ∈ M(G) and let f ∈ L 1 (|µ|). We will write f µ for the measure in M(G) defined via
By the Radon-Nikodym theorem every measure ν absolutely continuous with respect to µ (ν ≪ µ) is of this form. An import case is
The connection of absolute continuity and the operation µ → γ 0 µ will be explained in terms of L-subspaces.
Definiton 1.8. Let G be a locally compact Abelian group and let X ⊂ M(G) be a closed linear
Being an L-subspace is equivalent to the invariance under the operation µ → γ 0 µ as the following (well-known) fact shows whose proofs is included for the readers convenience. Fact 1.9. Let X be a closed subspace of M(G). Then X is an L-subspace iff for every µ ∈ X and γ ∈ G we have γµ ∈ X.
Proof. The first implication is clear, so let us assume that X is a closed subspace such that for every µ ∈ X and γ ∈ G we have γµ ∈ X. Suppose that there exists µ ∈ X and f ∈ L 1 (|µ|) with
This implies, by the uniqueness theorem, that ψ|µ| = 0. Hence ψ is a zero element of L ∞ (|µ|) contradicting ψ(f µ) = 0.
We will apply this fact to S(G).
Proof. In view of Fact 1.9 it is enough to show that for every µ ∈ S(G) and γ ∈ G we have γµ ∈ S(G). In order to prove this let us make the following observation: the mapping µ → γ 0 µ for a fixed γ 0 ∈ G is an automorphism of M(G) preserving the image of the Fourier-Stieltjes transform. Therefore ν ∈ N (G) iff γν ∈ N (G) for every γ ∈ G which finishes the proof of the proposition in an obvious way.
In the light of the definition of the naturality of the spectrum and the prominent role of the class M 00 (G) it seems that the set of all measures µ ∈ M(G) such that µ(ϕ) = 0 for all ϕ / ∈ G should be of particular interest in this area. Quite surprisingly, relaying on the deep result from [PHG] these two sets coincide.
A standard formula from general topology implies
However, by the titled result from [PHG] we have Int(∂(M(G))) = G. Now (1) provides △(M(G)) \ G ⊂ X and finishes the proof. Remark 1.12. As the problem of the naturality of the spectrum is meaningful only for nondiscrete groups we always assume that G is a locally compact non-discrete group.
Measures in M 0
In this section we will prove the following dichotomy:
The first case occurs for non-compact groups and the second for compact ones. We start with the latter case.
2.1. Compact groups. Let us recall first Lemma 2.2 from [Zaf] (in fact we use only a part of the original lemma and the proof can be then vastly simplified -check for example Lemma 4.2 in [OWa] ).
Lemma 2.1. Let G be a compact Abelian group and let µ ∈ M(G). If λ is an isolated point of σ(µ) then λ ∈ µ( G).
Using Lemma 2.1 and Zafran's theorem (Theorem 1.4) we will prove now that S(G) ∩ M 0 (G) = M 00 (G). This result can be found in [OW] but proved in greater generality with more sophisticated methods.
For the reverse inclusion, let us take µ ∈ M 00 (G), ν ∈ N (G) and consider λ ∈ σ(µ + ν). If λ is an isolated point of σ(µ + ν) then we are done by Lemma 2.1. In case of λ being an accumulation point of σ(µ+ν) let us take a sequence of distinct complex numbers
we are allowed to assume ϕ k / ∈ G for every k ∈ N. By the definition of M 00 (G) we have
λ and the argument is finished.
2.2. Non-compact groups. We will deal first with absolutely continuous measures. To start the discussion we note that
has been characterized in [S] leading to the following form of
We remark here that the set H is defined up to a locally null set (with respect to the Haar measure on G) and all equalities and inclusions are meant in the same fashion. By Hatori's theorem (Theorem 1.2), H = G. We will argue by contradiction now so let us suppose that H is of positive Haar measure. It is straightforward to verify the statement:
is an algebra, we have H +H ⊂ H by the characterisation of 'vanishing subalgebras' (here we use the result of T. Liu from [L] , for greater generality check [S] and completely new approach in [Gh] ). Now, by Steinhaus' theorem (check [St] ) H is an open subgroup of G. There are two essentially different situations to be considered at this point. Case 1: H is non-compact. The proof in this case will be a simply application of the following lemma.
Lemma 2.3. Let H be a closed subgroup of a locally compact Abelian group G and let
To do so, let us take µ ∈ M(H) and ν ∈ M(G) such that µ * ν = δ 0 . We decompose ν relative to H:
But µ * ν G\H is supported on a set contained in H + G \ H ⊂ G \ H and of course µ * ν H is concentrated on H which gives µ * ν G\H = 0. Now, by the uniqueness of the inverse we obtain
It is well-known that the image of the Fourier-Stieltjes transform of a measure µ ∈ M(H) ⊂ M(G) is a fixed subset of the complex plane, no matter if we treat µ as an element of M(H) or M(G). Applying Hatori's theorem (Theorem 1.2) we find µ ∈ N (H) and f ∈ L 1 (H) such that µ + f / ∈ N (H). This, together with Lemma 2.3 contradicts the assumption L 1 (H) ⊂ S(G). Case 2: H is compact. Let H ⊥ := {γ ∈ G : γ(x) = 1 for every x ∈ H} ⊂ G be the anihilator of H (for basic information on this notion consult section 2.1 in [R2] 
had a natural spectrum we would obtain µ ∈ N (G) by means of the following lemma (check Lemma 20 in [OW] ).
Consider a measure ν ∈ M(G) defined as follows:
We will check that ν has a natural spectrum. To do so, let us take ϕ ∈ △(M(G)) \ G. Then 
and as |λ| ≤ µ = 1 we can easily choose the constant c big enough to obtain λ / ∈ (ν + cχ H ) (H ⊥ ) finishing the proof of the following theorem.
Theorem 2.5. Let G be a non-compact and non-discrete locally compact Abelian group. Then
We are ready now to prove the main result of this section.
Theorem 2.6. Let G be a non-compact and non-discrete locally compact Abelian group. Then
Proof. Assume, towards contradiction, that there exists
we are allowed to restrict the discussion to the case of a probability measure. Moreover, by Theorem 2.5 we have µ * n ⊥L 1 (G) for every n ∈ N. Since µ ∈ M 0 (G) there exists a compact set K ⊂ G such that | µ(γ)| < ε < . By Theorem 2.6.8 from [R2] we can find k ∈ L 1 (G) satisfying k = 1 na K and k ≤ 2. Let us consider a measure ν defined below
Basing on the spectral radius formula (note that ν * n = µ * n + h n for some h n ∈ L 1 (G)) we get r(ν) ≥ 1. On the other hand, for γ ∈ K we get ν(γ) = 0 and for γ / ∈ K we obtain
Thus ν does not have a natural spectrum contradicting the assumption µ ∈ S(G).
Using once again the L-subspace property of S(G)∩M 0 (G) we obtain the following corollary.
Corollary 2.7. Let µ ∈ S(G) (G is non-compact and non-discrete). Then µ * n ⊥M 0 (G) for every n ∈ N.
Measures with finite spectrum
In this part we will prove that no measure with finite spectrum is reasonable unless it is a trigonometric polynomial (finite linear combination of characters) or 'δ 0 −' is a trigonometric polynomial. We start with idempotent measures.
Theorem 3.1. Let µ ∈ M(G) be an idempotent measure different from 0 and δ 0 . If µ ∈ S(G) then µ is a trigonometric polynomial or δ 0 − µ is a trigonometric polynomial. In both cases the group G is compact.
Proof. Let us consider supp µ := {γ ∈ G : µ(γ) = 1}. Clearly, it is a closed-open subset of G. If supp µ is finite then G is discrete and µ is a trigonometric polynomial. If the complement of supp µ is finite then δ 0 − µ is a trigonometric polynomial in the same way as before. Thus, we are allowed to assume that both supp µ and its complement are infinite. By the famous Cohen's idempotent theorem supp µ belongs to the open coset ring of G. By Lemma 6.9. from [OWa] supp µ contains an open infinite coset possibly excluding finitely many elements. Hence supp µ ⊃ γ 0 L \ F for some open subgroup L ⊂ G, finite set F ⊂ G and γ 0 ∈ G. However, a brief look on the proof of Lemma 6.9. shows that the set F may be non-empty iff G is discrete. Then any finite set belongs to the coset ring and as trigonometric polynomials are spectrally reasonable (Theorem 2.2) we can assume, without loss of generality, that F = ∅ (we consider a measure µ + f where f = χ F which is in S(G) iff µ ∈ S(G)). As S(G) is an L-subalgebra we can further reduce the situation to supp µ ⊃ L. The general theory of anihilators and quotients
As L is infinite, bL is an infinite compact group and so contains a Helson set C homeomorphic to the Cantor set. By the same arguments as in the last section there exists a continuous surjection c :
Let ω ∈ M(G) be any measure with non-natural spectrum and ω ≤ 1. Let us define a measure ν ∈ M(G) by the formula:
Recalling that L ⊂ supp µ we get for γ ∈ L:
But L is dense in bL which leads to
Let us take ϕ ∈ △(M(G)) and consider two cases:
(2) ϕ(µ) = 1. Then ϕ(ν) = ϕ(µ * ρ). By our assumption µ ∈ S(G) and as ρ ∈ M d (G) ⊂ N (G) we get µ * ρ ∈ N (G) by Lemma 1.6. Therefore ϕ(µ * ρ) ∈ µ * ρ( G) ⊂ ν( G) as if µ(γ 0 ) = 1 for some γ 0 ∈ G then we have ν(γ 0 ) = µ * ρ(γ 0 ) by the definition of ν (if µ(γ 0 ) = 0 then the assertion is clear). Finally, ν ∈ N (G). Since we have assumed that µ ∈ S(G) we get ν * (δ 0 − µ) = (δ 0 − µ) * ω ∈ N (G). The whole argument can be repeated replacing µ with δ 0 − µ implying µ * ω ∈ N (G). However, by Lemma 2.4, this results in ω ∈ N (G) which is a desired contradiction.
We will now draw several useful corollaries.
Corollary 3.2. Let µ ∈ S(G) \ lin(δ 0 ) have finite spectrum. Then µ is a trigonometric polynomial or δ 0 − µ is a trigonometric polynomial. In both cases the group G is compact.
Proof. As σ(µ) is finite we use the functional calculus to obtain the decomposition µ = λ 1 ν 1 + λ 2 ν 2 + . . . + λ n ν n for some λ k ∈ C, k = 1, . . . , n where n = #σ(µ) and ν k for k ∈ {1, . . . , n} are idempotent measures satisfying ν l * ν j = 0 for l = j. Clearly, all ν ′ k s are again spectrally reasonable so the assertion follows from Theorem 3.1.
Theorem 3.1 implies that there are no non-trivial idempotents in S(G) unless G is compact. This statement, together with the Šhilov idempotent theorem gives the second corollary.
Corollary 3.3. Let G be a locally compact non-compact group. Then △(S(G)) is connected.
Since for µ ∈ S(G) we have σ S(G) (µ) = σ(µ) (consult Lemma 1.6) and the spectrum is an image of the Gelfand transform we get the last corollary of this section.
Corollary 3.4. Let G be a locally compact non-compact group and let µ ∈ S(G). Then σ(µ) is connected.
On Parreau measures
In this section we analyze the spectral properties of measures constructed by F. Parreau in [P] . The results of this part will not be used in the sequel (with the exception of Remark 4.4).
Definiton 4.1. Let G be a locally compact Abelian group. A Parreau measure on G is a probability measure with real spectrum and all convolution powers singular with respect to the Haar measure on G.
We start with a more general class of measures. Proof. Let us prove first that σ(µ) contains a closed interval J ∋ 0. Assume it is not the case. Then there exist two sequences of positive real numbers (a k ) k∈N and (b n ) k∈N convergent to 0 with −a k < −a k+1 , b k > b k+1 and −a k , b k / ∈ σ(µ) for k ≥ 1. Put −a 0 < −1 and b 0 > 1. We have an obvious inclusion:
We will justify now that for every k ∈ N ∪ {0} the set σ(µ) ∩ (b k+1 , b k ) is finite (a similar statement on the sets σ(µ) ∩(−a k , −a k+1 ) can be proved analogously). It is enough to establish this result for k = 0 as we will see that the argument for other k ′ s is identical. Put 
is a finite set. By (4), σ(µ) is countable as a countable union of finite sets. This is clearly a contradiction as σ(µ) has to be uncountable (check Lemma 2.6 in [Zaf] ).
The following theorem shows that the spectrum of a Parreau measure on a compact Abelian group, despite of its very involved construction, has quite simple structure. Proof. Let L := {γ ∈ G : | µ(γ)| = 1}. Since µ ∈ M 0 (G), the set L is finite. Let ρ be a trigonometric polynomial such that ρ(γ) = µ(γ) for γ ∈ L and ρ(γ) = 0 for γ / ∈ L. Consider ν := µ − ρ. Then, recalling once again that µ ∈ M 0 (G), we get ν ∞ < 1. Using the spectral radius formula and observing that the singular part of ν * n is equal to µ * n for every n ∈ N we obtain r(ν) ≥ 1 showing ν / ∈ N (G). As trigonometric polynomials are spectrally reasonable (compare Theorem 2.2), it implies µ / ∈ N (G). By Proposition 4.2, σ(µ) = [−a, b] ∪ S where a, b ≥ 0, a + b > 0 and S is a finite set of real numbers. To justify the particular form of the interval [−a, b], let us take ϕ ∈ △(M(G)) \ G satisfying |ϕ(ν)| = 1. As σ(ν) ⊂ R we in fact have ϕ(ν) ∈ {−1, 1}. Without loss of generality, let ϕ(ν) = 1. Clearly, 1 / ∈ ν( G) and by Lemma 2.1 we conclude that 1 is not an isolated point of σ(ν). Thus, we find a sequence
Therefore, σ(µ) contains a sequence converging to 1 which finishes the proof. 
Measures with 'fat' Fourier-Stieltjes transforms
The aim of this section is to prove that the Fourier-Stietljes transform of a spectrally reasonable measure cannot map compact subsets of the dual group to 'large' (in topological sense) subsets of the spectrum. This result implies that there are no non-trivial spectrally reasonable measures on R n . We start with two simple lemmas.
Defining a function f : U ∪ V → C by the formula: f | U = 1 and f | V = 0 and applying the functional calculus results immediately in contradiction.
Proof. By Lemma 5.1 it is enough to show that σ(µ) \ µ( G) is closed. Since the inclusion
as then the assertion follows from the last assumption of the lemma. Let 0 = λ ∈ σ(µ) \ µ( G) and let us take ϕ ∈ △(M(G)) \ G for which ϕ(µ) = λ. Recalling that µ * ν = 0 we obtain ϕ(ν) = 0. This leads to
Since µ * ν = 0, passing to a subsequence if necessary, we are allowed to assume that ν(γ n ) − −− → n→∞ λ since otherwise λ ∈ µ( G). This gives λ ∈ σ(ν) and finishes the proof.
The proof of the following result, sometimes called 'boundary bumping theorem', can be found in the Section 5 of [N] .
Theorem 5.3 (Janiszewski). Let X be a non-trivial continuum
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. and let U ⊂ X be an open subset of X. Then U contains a non-trivial continuum.
Theorem 5.4. Let G be a locally compact non-compact Abelian group and let µ ∈ M(G) be a measure different than the constant multiple of δ 0 . If there exists a compact set K ⊂ G such that µ(K) has non-empty interior (as a subspace of σ(µ)) then µ / ∈ S(G).
Proof. Assume, towards contradiction, that µ ∈ S(G). Let us consider a measure τ := µ * µ. Since S(G) is a * -algebra we have τ ∈ S(G) and σ(τ ) ⊂ R (consult Theorem 1.7). By Corollary 3.4, σ(τ ) is connected. Let Y be a non-trivial continuum in µ(K) from Theorem 5.3 and let K ′ be the preimage of Y . Then K ′ ⊂ K is a compact subset of G. Now, there are two cases to consider:
(1) τ (K ′ ) is a non-degenerate interval. Here we apply a function x → e icx for sufficiently big c > 0 to obtain a measure ν ∈ S(G) with ν(
is a non-trivial subcontinuum of the unit circle which is obviously an arc. Raising µ to a sufficiently big convolution power we obtain the same conclusion as in the previous point. Therefore, without loss of generality, we are allowed to assume that we have on our disposal a measure ν ∈ S(G) satisfying ν(K ′ ) = {z ∈ C : |z| = 1} where K ′ is a compact subset G. Using Theorem 2.6.8 (check also Theorem 2.6.1) from [R2] we find f ∈ L 1 (G) with compactly supported Fourier transform such that f = 1 on K ′ , f ≥ 0 and a function g ∈ L 1 (G) for which g = 1 on the support of the Fourier transform of f . Let ω ∈ M(G) be measure with non-natural spectrum contained in the unit circle (modified Parreau measure -check Remark 4.4) and define ρ ∈ M(G) by the formula:
We verify that ρ ∈ N (G): let us take ϕ ∈ △(M(G)) \ G and note that
which finishes the argument. By the assumption, ν ∈ S(G) which gives ν −1 ∈ S(G) (compare Lemma 1.6). Thus we also get ξ+f ∈ N (G). As σ(f ) ⊂ R + and for ϕ ∈ △(M(G))\ G we get ϕ(ξ) = ϕ(ω)ϕ(ν −1 ) ∈ {z ∈ C : |z| = 1} we conclude σ(f ) ∩ ξ △(M(G)) \ G ⊂ {1}. By Lemma 5.2 we obtain ξ ∈ N (G). Using the properties of spectrally reasonable measures (check Lemma 1.6), (δ 0 − g) * ω ∈ N (G). This leads to a contradiction as for ϕ ∈ △(M(G)) \ G such that ϕ(ω) / ∈ ω( G) we get ϕ((δ 0 − g) * ω) = ϕ(ω) ∈ {z ∈ C : |z| = 1} so by the assumption on the naturality of the spectrum of (δ 0 −g) * ω there exists a sequence of characters (γ n ) n∈N satisfying (1 − g(γ n )) · ω(γ n ) − −− → n→∞ ϕ(ω) and this implies ω(γ n ) − −− → n→∞ ϕ(ω) since σ(ω) ⊂ {z ∈ C : |z| = 1}.
Theorem 5.5. Let G be a locally compact Abelian group such that G is connected. Then S(G) = lin(δ 0 ).
Proof. Let V ⊂ G be an open symmetric (V = −V ) neighborhood of the unit with compact closure and let us define V 1 := V and V n+1 := V n + V for n ≥ 1. Consider
It is clear that H is an open subgroup of G and hence also closed. By the connectedness of G we get H = G. Moreover, V n is compact for every n ∈ N (easy exercise in general topology). Let µ ∈ S(G) and define τ = µ * µ ∈ S(G). Then τ ( G) is a connected subset of R + . If τ ( G) is a non-degenerate interval then an application of the Baire category theorem shows that there exists n 0 ∈ N for which τ V n 0 has a non-empty interior in τ ( G) = σ(τ ). This leads to a contradiction by Theorem 5.4. If τ ( G) is a single point then taking a suitable constant multiple of τ we are allowed to assume τ ( G) = {1} and hence µ( G) is a connected subset of the unit circle. Now, in case of a one-point image we obtain µ ∈ lin(δ 0 ) and for the other case we can repeat the Bair category argument and apply Theorem 5.4 to obtain a contradiction.
By the structure theorem for locally compact Abelian groups, if G is connected then G = R n × K where K is a connected compact Abelian group. However, by Theorem 2.5.6 in [R2] , the aforementioned form of G is equivalent to G = R n × D where D is a discrete torsion-free group. In view of this facts Theorem 5.5 is equivalent to the following one.
Theorem 5.6. Let G = R n ×D where D is a discrete torsion-free group. Then S(G) = lin(δ 0 ).
The circle group
In this section we characterize all spectrally reasonable measures on the circle group. We start with recalling the fact on discrete measures (see Section 4 in [OW] ).
